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THE XROBLEY OF POSITION CBSEIVATIONS OF ARTIFICIAL EARTH SATELLITES

AND TER DETERMIFATION OF TEE GEOGRAPHIC COOEDINATES OF SUBSATELLITE

1lawing is a tranglation of an asrticle by L. Cichowicz

aud « Zielingki in the Polish-lenguage periodical
Caodez, a i Fartografia (Gecdesy and Cartography, Vol. IX,

I‘-Ouo 3 3 P’-"ges 159 l//"? 2 ‘gbo

The first part of the article discusses the importance of
artificial earth-matellite position observations in general, and
prezents a review of the scientific and practical applications of
those observations in particular in the fields of gecdesy, cartography
and practical astronomy. Thecrems and fornmulaz yelated to the theory
of artificial earth-satellite crbits, which will be applied in the
rractical work presented in the secoad vart, are also examined.

The second part examines & nurerical example of geographic
position determination, and distence from the surface of the earth
of artificial earth-satellite 195852 (Sputnik ITI) for specific
moments, according to pr611m1nary deterinination of the missing elsmsntis
of its orbit and Thelr changss in tims, on the basis of visual obser-
- vations in the period fram the second half of May through the first
half of June 1958,

h

PART I

From aubhwmm 1957 to the pmresent time (end of April 1950),
scienbists of the Soviet Uniwm ard the United States have put 21
ertificial earih satellites .nd threu artificial planets into orbits
around the earth. These in:lude: 3 Sputniks, 5 Explorers, 3 Vanguards,
7 Discoverers, 1 Atlas, 1 Transit, 3 Lvnniks, and 2 Pioncers. Taking
into account the mulitiple eluments of ths objects listed, e.g., in
the cagse of Sputnik III we have: 19585 1 - the rocket carrier, 19588 2 -
the nose cone and container, 19568 3 - the nose cover, 19585k and 5 -
the side covers, which have jenetrated oubter space, several dozen man-
made celestial bodies now exist. The inclination of the planss of
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ne eguatorial piane of the earth ranzes from about

s case of the Vanguards and some of the Explorers, about 50°

n the case of the rewaining Explorers, about 65° in regard to the

Scviet spubniks, and up to 90° in the case of the American Discoverers.
siders that & significant nuwber of the satellites pub into

orbit axe still there and will rotate apround our planet ssveral decades,

or several hundred years, or theoretically, for ever, and that the num-

bor of automabic space vehicles will incyesass with time, ons can easily

soe Thalt the fired stage in tho poiwelul maubsry of owher space is

being realized belfore our eyes. The next stege--mannsd penetration

of iuterplanstary space and & landing on ths Moon or another planet--

is also a matter for ths immediats years ahsad and will uvndoubtedly

be accomplished in this generation.

The question, however, is whetheyr the launching of artificial
esrth and sun satellites is & shining step forward solely in the
Tield of rocket technology and astroncutics? A multitude of theoreti-
¢el works and the processing of observations and communications which
emanate from sclentific centers, as well as the ever increasing field
of scientific disciplines conbradict such an assumption.

From the nature of things, the use of satellites in scientific
investigations has brought about general progress in sciences dealing
with the earth and its immediate environment (1): in geophysics,
with special attention to the physics of the upper atmospheric layers
{(pressure, density, temperatvre, chemical composition, etc.); in
the scisnces of the electreostatic and electromagnatic fields of the
eayth, and in meteorology. C(bssriations conducted with the aid of
satellites have also provideld m)
standing the problems of cul: » sy e, such as meteoritics,the study of
the structure of interstella: s coue matter, cosmic radiation, solar
rodiation, and the short-wave reg.on of the solar spectrum.

New roads have been or:ned to astronomy, dus to the possibility
of caryying oub various obsexval 8 without interference caused by
the earth's atmosphere, whicl can allgyr photograpvhy of bodles in the
solar system and metagalaxiec

Riology and medicine are today concerned with the question of
the effects of space flight ca a human being {acceleration, noise and
vibration, weightlessness), and at the same time are making equipment
which will provide living conditions for the crew, i.¢., air regenera-
tion, temperature regulation, water supply, fixation, etc.

In the experimsntal stage wre the problems of world-wide tele-
communications and television through the use of three stationary
satellites in circumequatorisl orbit at a distance of about 35,000 km
from the earth. Projects calling for interplanstary bvases for military
purposes aye also known. -

Finally, we shall spealk aboubt the “se of satellites in the fields
of highsr gecdesy, cartography, geodetic and navigational astronomy.
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The overwhelming majority of scientific and investigatory

o

waterial in the aforemention:d fields of science obtained through the
use of artiricial micromoons and microplanets, is received via the
installation of & variety of avtermiic sguipment in a comtainser which
transmits the information to the esarth by radio.

Egpecially important, both for science as well as for practical
purposes, are satellite posﬁ,lon observations. These are: visual,
photographic, and radaxre Those kinds of observations and the materials
obtained throwgh bhem are, niturslly, chiefly in the sphoye of interesd
of geodesy and posibion asbtr nomy.

If we overlook the abr ve-n:ntioned applications, which may be
somewhat oversnthusiestic, ithougl still not too premature for study
in geoldebtic measuring and asirooncuy, that awail uve in the not-distant
futiee (the problem of determining position and time, the determination
of the figure, surface measuyewsnts and distances...on the moon or

ar planet) -- present knowledge and geodetic astronomical practice
L@s bheen enriched, thanks to the sputnil flights, with nsv research
and practical perspectives. Here are some of the more important cnes.

Tha earth satellits has execulted its revolving flight within
the gravitational Tield of the ezrth. Ibs ordbit, according to the
laws of celestilal mechanics, must maintain a constant orientation in
space and constant shaps and dimensions. Deformation of the orbit
and chenges in the time of the elements of orientation are caused (in
the case of not too distent sputnikse) chiefly by two agents of per-
turbation: atmospheric resistance and the oblateness of the earth®s
elipsoid. Given a sufficient knowlsdge of the first of these agents,
and., based on the guantitative effect of the influence of the equatorial
bulge on change of orbital elemsnts cobtained from position obsexva-
tions, we can derive the valus for the oblateness of the earth. (The
oblateness value obtained in this way by Soviet scientists is
1/29? 5+0.5; that computed by USA scientists on the other hand is
1/298.2)
In an analogous way, based on the observational results of small
deformations and orbival chanzes as a result of the probable existence
of the tlree axes of symmetry of the earth {two in the eguatorial plane)
of its pear or barrel shape, we can obtain data relative to the figure
of the geold arnd the distributicon of masses within it.

Artificial earth satellites also provide the possibility of
designing & new method of esteblishing velative ellipsoids by determin-
ing the positions of their gecmetric centers relative to the centsr of
the eaxrthis force.

A new road hasg been opened to the practical solution of problems
of intercontinental communications. The launching of the first naviga-
tional satellite (Transit 1) brought the field of naval and aiyr naviga-
tion, as well as related methods of astronavigation and the determinatim
of approximate gsographic positicas to The stage of practical realiza-
tion.




Yew poseibllities nor exist in the problem of time determina-
tilon theough the help of cbaeyvetions of the passage of an axtificial
tial body free from thg influence of the resistance of the
3trial atmosphere. ‘

Finally, in the field of mapping isoclated and little-kmown
rogione, ths technigues of radar neasursments have found remarkable
application. In this way the gecgraphic positions of a series of
islands in the Pacific have been corrected on the maps.

Pogition observation: hav: LOG;&l importance in ths eyperimnntal
chescking of certain effects 1 L o theory of relatively, since one year
of obpservations of ths fligl . of an artificial satellite has the same
value as observing Mercury ior & pzriod of 40 years; the relativistic
effect of shifting of the perigen of ihe arbificial satellite is
gbout the same ratio greatex the. the movemsnt of Mercury®s perihelium.

As we see from this rxapid survey, the importance of satellite
sition observations for & shols range of problems in geodesy and
tronomy is vndoubted. .

In the introduction of this article we have restricted ouxr-
selvses solely to indicatin& some of the more important problems, not
going too deeply into the theory of any specific problem, nor present-
ing the actual state of knowledge achisved in the most recent investi-
gations. The aim of this work, therefore, after noting the importance
of position observations to satisfly geodetic astronomical demands, is
to touch the problem of the relationship between orbit elements and
paransters measured in the coursse of observalions and certain perturba-
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ticn-eoffects, and then in the sscond part to treat a numerical work

problem analogous or similar to those fTuwdamental in the procesging
of cobservational material for varions purposes.

B, Axtificial Satellite Obscrvations

Being aware of the grealt general importance and, in some questions,
the urgency of optical satelllte obhservations, the continental powers,
the Soviet Union and ths Unitsd Siabes, had, even before the launching
of the first Sputnik apd Bxplorer, prepared a network of stations to
provide a constant observaticn sesvice. The nmumber of visual satellite
obsexrvation staticns at the yresent tims is about 500. Of these,
about 100 are in the USSR, 150 in the US4, 80 in Japan, and S0 one
In populous countries on all continents ths number ranges from several
to about 20. These stations, linked by telegraph through disposition

centers (KOSMOS in the USSR, the Moomwatch organization of the

Smithsonian Institution in the USA}, report in their observations the
topocentric egquatorial or horizontal coordinates and corresponding times
for esach passage. The accuracy of these obssrvatibns, carried out with
small telescopes {small magnification, lerge field of view), theodolites,
or binoculars, is of the order of 0.1° - 1° {coordinates) and Q.18 - 18
(time). Mass visual observations provide supplementery material for

the determination of approximate satellite orbit elemsnts and fox the
computation of ephemerides for specific stations.
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Obscyvational techni ucg differ. Where thers is a great
nurber of observational sle lont and numerous observers, the optical
barrior method or the meril =ua 7 -3sages and first vertical method is
applield; vwhere there is & s all number of observers the sky patrol
wmethod is used. Tims may b recorded by the visual-sound method or
with ths use of a chronograph. Visual observations are indispensable
in the case of objects of little brightnsss, and are especially
important in the initial and final stages of satellite life, when
its orbit has not yet been sufficiently determined or when its elements
are changing.

Tmportant accurate results are achieved in observations using
photographic cameras, 0.01° - 0.1° and 0.018% - 0.18 respectively.
Moreover, these observations are guites economical, since 1t is possible
to read several satellite peoazitions from & single negative. A short-
coming of the photographic nethod lg its limited applicability in the
case of objects characterized by a small degree of brightness.

Some 12 special stations, equipped with large Baker-Nunn cameras
of precise construction, capible of accuracies to 0.001° and 0.0ols,
are now set up in the circumsgquatorial zons.

Trhe yegulsr Polish Satellite-Observation Service, established
in the spring of 1958, in conmection with the IGY, has 10 visual
obgervation stations. Two of these can also make photographic observa-
tions and one can perform radio monitoring (13). In the beginning of
1960, wniversity and polytechnic stations in Warsaw, Krakow, Poznan,
and Wroclavw, as well as the PTMA station in Gdansk, the Planetarium
in Chrzov, and the station in Zegrz, announced their readiness to con-
duct continual observations. At lsast three of the above-mentioned
gtations will be &ble to carry on photographic observations, one will
continue radio observations.

The Polish Satellite Service, coordinated by the Committee of
International Geophysical Cooperatbtion, works togethesr with the disposi-
tion center in the Soviet Union (XKOSMOS). The State Hydrological and
Meteorological Institute coonerates closely with the national service.
Tt hes made its communicabions sguipment aveilable for liaison between
ths Kosmos bureaun, the IGY Commities, and the individual stations.

The resulbs of Polish satellite observations have been published
in Soviet bulletins containing collected works {3). Since the be-
gimning of 1960, however, they have appsared in the "Bulletin of Polish
Satellite Observations" (&) togsther with other related information on
gputniks.

C. Practical Computational FProblsms

The following two basic computational problems occur in cases
demanding & strict numerical solubion, as well as in regard to approxima-
tion problems, depending upon circumstances:



&2

1. On the basis of observaticnzl materials {Topocentric

eguatorial or horizomtael satellits coordinates and the moments of
asgage sthe geozuarnunic coordinates of the station), compute the orbit

b

lements and changes in tims.

2., Given the satellite crbit clements, compute the gsogrephic
pogition of subsatellite points and the height of the satellite
above the surface of ths earih for definite moments of time.

In the second part of ithis work wo present an example of the
solution of a specific tractical problem in which two conditions have
t0o be satisfied. The most general development of the problems leads
to the determination of the feographic coordinates ¥ _ and As and
the heights H, of satellite 19584 2 above the earth's surface for
glven moments of time of & definite epoch. The difficulty in the
solution of the problem lies in the Jleck of orbit elements linking sat-
gllite position with time, a:d ir only having approximate knowledge
of the remaining elements.

The above-mentioned problem iz the geodelic astronomical supple-
ment of the scientific processing of the radio observations of the
Zegrze station, having as its aim, among other things, the verifica-
tion of S. Mancrarski®s theory on the propagationof radio waves in
the ionosphere (5)o Both the ionospheric and geodetic astronomical
paxt of the problem were published in the form of ebstracts at the
3rd Conference of Representatives of The Eurasian Region IGY, in
February 1959 (9).

In this work only the wain line of computations, together with
pertinent formulas and a discussion of them, is given.

iow we shall treat certain theorvis and formulas, as well as
theoretical considerations dealing with the motion of artificial earth
satellites. On the basis of bthese, a discussion of the problem and

_the choice of solution follows.

D. Elliptical Satellite Orbit

The motion of the satellite having mass m; arvound the earth with
mASS M, SCCUrs in the gravitestional field

R i (1)
o

where f is the constant uvnivsrsal gravity, r is the radius bo the
current satellite position {ite (istance from the center of the earth).
The motion of the sabsllite »ccurs according to the equations of
moticn:

3
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& .y 4v = i?@; {(2a)
dﬂ}g ~iTY ?\Z
end
[»]
A aat= R N
x{%} Y} =0, (2p)
1

Angle v, which with tHe velvwe ¥,
characteriZe the position of ths satellites in the
plane of the orblt is a plene angle that can
be identified with the QO“CQ“LG& true ancomaly,
me@sured from perigee P (Disgram 1) according to
the dirsction of satellite motion.
Integrating egquation !D leads Lo Kepler's second law, which we
express with the formula:

h AV _ o A _ (
Ire- EFP- 2 ?ﬂ" C: \3)

¢ 2
where C is the so-called concbant of the law of areas, while—% aF_ T EZ
ear T I &7
“is the field of aveas described by radius r in & unit of time. This
is the so-called sector velocity, during which the velocity of the
satellite in its ordit is
~\2 2
V2 = (.._ai\ + re (ﬁV}
aT/ ar (k)

Eeuwaen the velocity vector V and the x» wvector the fllg. relation-

.‘;—..L‘T.. =T cos "; ) (5)
ar
vhere ¥ (Diagram 1) is the engle contained between the direction of
gatellite motion and the direction at which it is visible from ths
sarth. The relaticnship (5) expresses the radial velocity, while the
expression for Ukhe angulay velocity has the forxm:

.dv -
On the basws of relationships (3) anmd (4), we cen write:
. v -
C = Vzsiny = Vprpg (n

where the symbol p refers to the point of the satellitets closest
approach to the surface of the serth, called the perigee {Diagram 1).
We have thereiore

m 2 ImIy o total energy (v
2 r

energy . eIergy

kinstic potential




On the strength of relationships (4) and (8), after elimination
T time T, and with ecuvation {3), and integrating we get the equation:
¢ 2
a{l - e
p=2l o) (9)

l+ecosv
roreseing Keplexr®s first law,

I3

-y

izgw T.a.b. 18 the total arsa circumscribed by the orbitb,

while P i& the perlod of satellite revolubion, then using formula (3),
wo orrive et tho relabionship
Eordie ST l 2
cmplEo 2Ta2 .2 (10)
P P

And since ey the same tims

2 = fma(l - o9), {(11)
taking equations (10) and {(1l) we get the relationship:

§§ = fm2 = conmst., (12)

p2 ?YE

which bears the nams of Keplert's third law.

Formulas (3), (9), and (12}, charecterizing the law of satellite
motion along its elliptical orbit, mey bs supplemented with the words:
an artificial earth satsllite moves in the same plane that passes through
the center of the earth, while the position of that plane does not
chenge in velaticn to the shars; the satellite orbit is an ellipse,
one focus of which is in th, cerier cf the eerth; the revolution period
of a gatellite is related t its diuvznce from the center of the earth.
We agsuwmz here that the ear o i: a enzous §phsre.

The position of a sa clliie | 1ts orbit at a given moment is
defined by the formulas, wh ch rseult from the following considerations.
From equations (3) and (9) Xepler®: first and second laws) we geb:

1 < c2{1 e av
T T, = _ { Pdy = ,,gm_”_~_i_ )f~ . 2
P ¢ } c ¢ (1 + e cos v)
&
Fo) o]
(13)
Introducing & known velationship from celestial mschanics
+ v "{; 14+ e . E
zg — = 4 - ug - M
2 "% 1% 2
where E designates the eccentric anomoly, after substitultion and intz-
gration, we get on the strength of {13) and (11):
ab P . )
i — D e £ " = M’J - o
T - T, = & (E - o.8in E) o (B - e sin E), (1k)



whence we get the so-called lepleris sguation:

T -6 8inE = W(T - Tn) = M {so-called mean anomoly).
3 y (15)
In the cease where it . s necessary to dstermine ths position of
the satellite in its orbit & & dxfinite ne.3nt T, the application of
Iepler% eguation (15) meets i f.cuwzew since 1“& is an eguation
appliceble in regard to the ¢(cceriric anomoly E. Ve use in this case
a form of this foxmule expar’ s perigs with the aid of the Besssl
function, i.8.,

s .2 2
£ & e 3
E=M+e{l- 5 gin M + > gin 2M + 3 e3sin 3M + +..  (16)

In & similax way, the sxpression for the true anomoly v and the
wean anomoly M are expanded Iin series:
2

r2ef1 - %—)sin M %g e sin 2M-g-jl:3.e3 sin 34 + o..  (37)

i

v

3 52
M=1v+ 2¢ { - fﬁ gin v + hg eCsin2v + Eg e3sin 3v + ... (18)

i

- In its turn, the ”pl&tiOhBﬂlD of the value of the moving radius
(the distence of the satellite frem the center of the earth) to the majar

semiaxXis:

=1l -0 cos E

we can pult in series:

2
e
-~ co8 2M - % e3cos IM - see

' 2
=1+ EE - e <‘l - 38 } cos M -
2 : e (19)

8

or its inverse proportion:

r

Let us go next to a discussion commected with the position of
the saltellite in space. In Diagrawm 2, let point S designate the mom-
entary position of the satellite; B is a pole of the earth; the signdb
is the place where the satellite crbit crosses the equatorial plane;
P is the perigee; the sign ¥ is the point of vernal equinox (all points
along the orbit projected onmto the surface of the earth). Designating
the engles and sides of the triangle SS®Sb with u, &s’ end 4 and i

respectively, we are easily able to write the formulas reswliing from

’ 2
&2=1+e (1 -.g..) cos M + e° cos 2M+E.95_e3 cos 3M + .o (20)



the elements of this {(right angle)
triangle:

sin .5; = gini sin u (21)
tg At = cos 1 tg u {22)
tg &, cosec AN = tg u (23)
cos %S cos AA' = cos u {2k}

It is not difficult to ncte that
AN v =2, <Ay =28, -ag ¢eand
between the geocentric declinatic.. of
the satellite S‘m and the geographic latitude of its projection on
the surface of The eexth is the eguality g;‘s = g{')s o
From Diagrem 2 we can also see that the satellite right ascemsion
ay 1is 28l to the local sidereal time at the point bensa™h the satellite.
I we project the spubtnik orbit onto the surface of the earth, we must
keep in mind the fact that the esrth in the time TS, 5 T, rotates on
its own axis from west to east at an angle of SA = __g} (Ty, - Tg), during
which tims the satellite has taken & path egqual to a¥c w.  Angles 4
must be taken into account in solving problems dealing with the determina-
tion of the setellite geogranhic longitule.
Let us designate

- ' 2 . ;
R i B J T)=AA g+ A =4 (25)

Aonipos

ﬁs e 7 ld

we obtain the relationships

Sin(‘?s = gin i sin v, (26)
jj&ﬂ " = avc tg (cos 1 tg w+ SP ) (e7)
AA" = arc sin (cotg 1 tg g+ S1) (28)
OA" = arc cos (cos u sec ¢+ 5 A, (29)

The valuve Tgy, - T can be computed with the help of Keplert®s
eguation {15).

Then we can write the equation indicating the relationship be-
tween the moving angular distance of the satellits from the terrestrial
equator, measured in the orbital plane, with time:

2 9y 2 e B 24N '
n = ! Tfﬂ? - Tc‘ = ,...._‘..,":»‘—,—-— (“"',' e T ) = _..___,” — (Tiﬁ) - T ) (30)
ld' ( Se ;.w) lh:ﬁfm St 3 T 3b g8i0
where 1434 is the number of : ider:2l ninutes of the day, and N is the
nuripey of satellite revoluwtic e i tin course of the day.
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us now work out ths

ararsters of the satellitc's
cal “blbg which at ths

ime define its shape and

i ag woll ag 1ts smtial

aticn. They are: ths

sexmiaxdis a, th minor

xis b, ths ecc atricity

2 1/2

S = 3

23

nelination of the orwi al

0 the plans of the

trial equator i, the right

on of the ascending node

4<a(argum&nt of perigee,

tb time of satellite passage through the

ascending node Tay 7 the uAae of its passage through perigee Tp),

o ckhd ot
Bli}

l¢]

O

C’) jer3

}-‘- ci o O

‘s:
o

T
i

period p = 2¢ra3 (éraconic By,  , enomalistic Pp)e
fme ;2

And since the incliation 1 and the right ascensgion of point4S5L
define the orientation of the orbital plane in space (Diagram 3), the
ergurent of latitude of perigee w’ indicates the orientation of the
orbital ellipse in the orbital plane, while the eccentric e and major
gsemiaxiz d characterize the dimensions and shape of the orbit. The
time of satellite passage tlrough the ascending ncde or through perigee
T Xy T and pericd P linl satellite motion with tims.

e
;3
gty

E. Perturbation of the Cyb: ¢

ribed end presented by formulas 1 - 30
di& refer to the theoret ic&l ciee of a satellite revolving around an
ﬁluh that is a homogeneous, isolated sphere. However, the satellite
ight occurs within the gr°\1 aiornal field of an earth, which, in
al 5

ity, i1s an cblale spher: id w.th a nonhomogeneous interior; moreover,

is known, the earth systsu it:2lf is but a sputnik in the sphere of
fluence of othexr bodies of the 5Olﬁr system, such as the moon, sun,
d plansts. As a result, Lotk “he spatial orisentation of the sputnik®s
orbit, as well as its shape :nl « ‘mensions, are subjected to secular
a0d veriod changes, l.e., » v.x tions. The greatest perturbations
in a sputnikfs orbd 1t result ‘rom the following causes:

1. The oblatensss of 1tz BlrtL causes gignificant secular changes
in the valve of the right ascension of the ascending node (motion of
line of nodes), 4 ag , and significant changes in the value of the

] () "J
l’h f

fﬁ MSD

argument of perigee {motion of the line of apsides) A«; then it influences

the change of the orientation of the orbit in space (for example, in
the case of sputnik 1958 5 <the change of /4 for each 24-hour period



was aboubt 0.4°); it also causes very small periodic changes. It
influences in a very insignificant way change in the shape and dimen-
siong of the orbit. Perturbation is a function of the oblateness

of tleearth and of the inclination of the sabtellite orbit to the
terrestrial equatorial orbit.

2, Air resistance effects significant changes in satellitz

velocity, lessening of sputnilk distance from the center of the earth
(h@lg 1t at periges), lessening of P (and consequently of & ) and
lsasening of eccentricity e. It doss not evoke changses in the
orientation of the orbit in space, bul rather secular changes in the
shape and magnitude of the orbit. It is a function of the distance
of the sputnik from the suriace of the sarth.

3. The remaining sources of orbital perturbation are the
following: .

{a) the gravitational influence of the moon, sun, and planets;

(v) the assymetry of +he earth and the nonhomogenelty of its structure;

(¢) oncoming friction:;

{¢.} the rotational mchlon of the satellite;

{e) the mutual Forces of the electromagnetic and electrostatic fields;

() the rotation of tre atmosphere;

(2) the effects of the the-ry of relativity expressed in the

motion of perigee.

The effects named in paragraph ¢ are considerably smaller than
the results of the force of the sarth®s oblatensss and of atmospheric
resistance, and are difficult to determine gquantitatively, both from the
point of view of their small value and the difficulty of computing then.
We will not give them much atiention, since the practical assumptions
of the example developed in part two operate with accuracies many times
smaller. We will take some bime, however, on the effect of the first
two agents in paragraphs a and ».

The problem of the motion of a satellite in the gravitational
field of an oblate planet is basically not a new problem, sincs it was
solved in relation to the thsory of the moiion of the moon of large
planets and also in regard to the earth's moon. However, the orbits
of axvificial satellites are subjected to many special features which

narkedly diffexr from the orbits of the natural satellites kuown to date.
The decisive role here is played by the great inclinations of the
orbital planes of sputniks rslative to the terresitrial equatorial plane,
as well as thelr nsarnsss to its surface. The present theories relative
to satellites with & small aigle of indination and considerable distance
from the mother planet can n >t be used in the matter of artificial
eartbh satellites.

Atmospheric resigtance is the main perturbation force for the
motion of thse sputnik around the center of mass for the {irst artificial
satellites, considering theix relatively small height at pexrigee.

The moments of the gravitatinnal forces of The earth become substantial
only in relation to satellit:s hiving considerable height at periges

1]



and those having great heipht at perigee, and with sufficiently
different moments of inertia. For artificial satellites having a
boight of 500 km and above, the asrodynamic forces are insignificant,
and most important are periurbations of gravitational origin.

The theory of the mction of an artilicial satellite under the
action of gravitational forces leads to the following relationships
of secular changes in the elements of the orbit (15):

S o B (4-B51n2i) « Eﬂr' {Eﬁ.* 2702 . 902 com gwd aingi{> o3
it 2p 1o0pT WV T T 7 T
_9cos 2W , 2762 _ 10%50%cos2 U (+sinhi) 21. 81e® .
2 14 2 8
_ 3cos2uy 2732c032;§ s (31)
) ) g
dag, = - cosi { A+ 2 (34 962 . 9ePcosew| 2Bsin®i /3,
it T 502 U7 1F 28 507 L
b 992 - BE}ECOSECO)J B (32)
8 b
éﬁ = Og;
at
de = ¢ sin“isin2w B (1-e% (,3:5 -3 sin21>
at -
20p°
ai . _ 3Be2 sin 21 sin 2@ (g - 7 sin® 1)

£ 7’ > : ral .
wheres ¥ is the argument of pariges;
asy, 1s the right ascension of the ascending nods;

a ig the major ses iaxii;
& is the eccentric ity »f the satellite orbit;
i ig the inclination o’ the orbital to the eguatorial plane;
B is the paremeter of vhe crbit = a(l - o2);

while the descending facbtor:z & a1 I of the potential of the terrestrial
gpheroid expanded in series :3us. : A = 0.00% &41, B = 0.000 010 §.

Formulas {31) and (32, tuking into account expression of the
first order, may be put into a simplified form:

\ 2 oo,
3 2 g~ - 1
A =L (&_ 508”1 -1, 10
2 .
[3 Q% = - A(aa) cos I n (3?—‘)
4% Ew, (1 -e)2




. ; X . - ‘. .
where & 13 the major semiacls wf the earth, d is the major semiexis

of the satellite orbit, . _ 27 the mean 2h-hour period motion of

1Y
t%S sato%llue, while factc® A it expressed by the formula A =¢ -
- \ .
f;?i*i_iyﬁ., wherein £ is “he (ulateness of the terrestrial ellipsoid,
fm

1

2
w1

s here the angular veliocity of the rotational motion of the earth.
Finally we are able to form still more simplified expressions:

Y
. ’i:,R 2
av - 55 (5c0s® 1 -1); (317)
1 revolution (l - &%)
. 23 ¢ B
Adase __=-7 > cos i (32")
1 revolution a“{1 - &%)

after substituting given numerical date we obtains
2

. p cos” 1 -1

du) 0.264N ’“ém”é" ; (33)
1 revolution a“(1 5

A cos 1

4 dgt = - 0.588N ST S (34)
1 revolution a® (1 - &)

N is the number of revolutlons per 2h-hour period.
rom the threes formulas 51 - 34 we can easily see that when

= 0° or 1800 the secula” motion of the ascending node reaches maxi-
mwn, while wken 1 = 90°, A& sy, = 0. The secular motion of the perigee
is maximal for satellites having an inclination of i‘“’63 <.

Further, we can present the formulas expressing the perturba-

tion effects of the aexodynamic force (atmospheric resistance) on the
orbit elements (16):

da _ Qcﬁﬁaz {14 26 cos v % 82)3/2 H (35)
dt (l - 62)3/2

ds _ . quma /2, {(L+ 28 cos v + 8231/2 (e + cos v); (36)
at 1 -

da%= o;

a4t

vhere ¢ is the density of the atmosphere, a = 1/2C g , C is the co-
efficient of asvcdynamic resistance, S is the area of the trazsverse
secbion of the satellite, m is the satellite mass.

The influence of the atmospheric resistance on the Derlod of
satellite revolutlion P, which value is counected with the major semiaxis
of ths oxbit a by the relatlozsnlp {12), may be expressed by the
approximation formula {37}, based on a knowledge of the secular change
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of the major semiaxis a:
Ao and Ao exicts the
La

< i

Z

Betlvween
= zfe(cos M- e cos

PART IX

(37
relatlonsghip

2M...) (38)

Example of Computing the Geo rapiic Position and the Height Above the
Barth of Artific:u«l Earth Satellite 1958

¥, Problem Conditions

The Zegrze Obssrvatory (Artificial Farth-Satellite Observation

Station, Nr. 157) conducted a series of

of satellite 1958 2 (sputnik III) in the second half of May 1958.

TABIE 1

Nr. obs. Date Time UT
53 22y 58 80 36%

38

39

5& 22 May 58 10 21

25

7

84 24 May 58 15 30

, 22

' 6

99 25 May 38 16 15

16

20

124 27 May 58 1h o2

Ol

10

G. Initial Materials

radio-monitoring obzervations
In
the desire to obtain documental
material to confiym the theory
of redio-wave propagation in
the ionosphere (5), it was
necessary to compute satellite
position expressed in geographic
coordinates and its height above
the surface of the earth and
distance along the orthodrom
from points beneath the satellite ¢
to the Zegrze station for ths
observation moments given below
(start of signael, maximum, and
end). This example presents
computations dealing with
gelected observations shom in-
Table 1.

To solve the problem cefined in paragraph § with The aid of
formulas 14-30, the values of the orbitel parameters namsd at the end of
section U referring to the observabtion epoch of the Zegrze Station radio

as
at

monitoring, as well

paramesters, must bs hand.

the velues of the secular changss of these
As 2 result of surveying all possible docu-

ments, it was possible to gaiher the Tfollowing data:

- 15 -



i = £5° {Circ. Bures . Cerir. ds telegr. astr. Kopenhaga)
P= 105.m52 to = VI, 20" {107 World Data Center A Rocket and
i - Setellites Nr. §)
13

A /1% = - 0.Bo11
SO )49'6 1
fu/it = 0.317 "
Iy = 658.3 ¥m "
H = 187.3 Im "
Hﬁ = 1880 km n
e = (0.112 "

where i is the inclination of the orbit, P is the anomalistic period,
wis the argument of perigec, r, is the distance from the center of

the eaxth to the perigee, H, is the heignt above the surface of the
earth to perigee, Hy is the height above the earth to apogee, € is the
sccentricity of the oxbit, ﬁO is ths epoch for which the above values are
given. ,

As seen from the above compilation, the material gathered was not
complete, valuss for the changes in the time of elements e, i, r, values
foxr the right ascension of wscerdinzg node as well as any slement linking
the satellite position to t m», are missing. The problems of computing
the nissing data on the has 3 of obseyvational material arose. Un-
fortunately, no position obuerveiions were made in Poland during the
pericd in which the radio obserivations were made (second half of May
through beginning of Juns). Sputnik III was not visible at night over
Polish territory from the moment of launching (15 May 1958) until the
middle of June; then, however, & period of had weather set in. Computa-
tion of the missing orbit elements on the ¥ .3is of observations from
the end of June through July could lead to major exrors dve to extra-
polation. In view of this foreign data, published in one of the issues
of "IGY World Date Center 4, Rockets and Satellites” (8) were relied
wpon. From the lists of obsexrvations given there, carried out in May
1958 by observation stations of different continents, those cited in
Table 2 were chosen. :

- 16 -
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~I N\ B

@

9
10
11
12
13
1k

TABIE 2

Station Time UT & 5 &, h
Johannasbungk 23 May 035 36% 20° oaliss 42%00¢
" 23 May 03 36 23 02 54 -4l 30
Pretoria 23 May 03 36 52 02 49 -36 12
Capetom 27 May 18 05 25 0%2L7  53%30¢
Sydney 27 Moy 18- kb 32,5 23 kb «30 30
Pretoria 29 May 02 27 Lo 02 18 -9 00
Pretoria 29 May 02 30 27 0L 28 -30 18
Sacramento® 14 Jun 11 37 2h.9 22 23 47 -17 02
# 1h Jun 11 37 36.0 23 02 53 -08 01
Walnut Creek 1 Jun 11 37 28.6 22 14 18 -08 45
" 1% Jun 11 37 bh.3 23 02 18 ~-07 36
Sacrement o 1 Jun 12 32 18.7 01 37 59 +52 32
Wainut Creek 14 Jun 11 39 05.2 03 54 30 +39 30
Oaidland 1% Jun 13 29 59 02 65 +25
Bryn Athyn 17 Jun 08 16 29 19 10 +68
Cambridge 17 Jun 08 16 51 273 30 35 30
Cambridge 17 Jun' 08 17 82 118 29 30

*For computations the mean from two observations was taken.

ol
ks
&

WO OO~ 0N WU B O

The geogrephic coordinates of the stations are given in Table 3.

TAFE 3
Station i\E C/ N

Bryn Athyn (USA) 2840543 +40%08¢
Cembridge (USA) 288 52 +42 23
Cepetovn (Un’la Pld.-Afr.) 18 o2 -33 56
Johannesburg (Unia Pld.-Afr.) 28 ok -26 11
Qakiand (USA) 37 48 +37 47
Pretoria (Unia Pld.-Afr.) 28 12 42458 -25 L3 Latsg
Sacremento (USA) 238 1% 5L.0 +38 32 55.8
Sydney (Austrelia) 151 06 -33 55
Walnut (USA) 237 56 14 +37 57 52

The materials above include then the station geographic

coordinates, date, howr, minule, second, and its fractional part at
" the moment of observation, as well as the topocentric equatorial

coordinates @€ and & and a ard h of the position of the obaserved
sputnik. '
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H. Solution

Solution of +the protlem under the conditions described led to
the follcwing successive ccmpubational and analytical steps:

l. Computation by %2y of successive epproximations of the
geogrephic coordinates § , | of subsatellite points for the individual
agtronom’ "1 observations, listed in Table 2. In acoomplishing this
gtage, fo.uulas 18-20, 25, and derivabives were used. To compute
the angular distance of the subsatellite point from the cbservational
station, formula (41}, deve Lopet by V. Opalski (11), helped.

These examples illustrate 1 1is art of the computations.

Observation nr. 5, Iretoria V. 29%02bo7myos

£ = p2fgn = - 25043thhe
6 = - £8°00° H= 28012tL3"
The first function v ¥ it 2 recomputation of observed, topo-

centyic, equatorial coordiy :tes on the horizontal with the help of
Toromlass .
cos z = sind sin§ + cos D cos ¢ cos t
e
cin co3s sin ©
- ‘n = e e
Y 3in z
In the given case we obtain
€, = 156°36'30"  z = £3%41°30"

Next we compute in the first approximation (Diagram 5) the
cer&inates of the subsatellite point with the formulas:

i

Ag - '?\Pr AL, z%ts - (F;r +£<{’:

S
. s ’,}4"385
dp=1 . cosd, . i;i. ’

L?ﬁ =1 sin & - 336"
1 R cos

where R = 6371 is the mean radius of the sarth,
l=H. ctg b,

while
H is computed with the formulas
HE=1r - R,
where
N 62 -
r=a, [l -6 cos M - (cos 2M - l),.,'] 3 (39)

the major semisxis divectly for the initial data:
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R+ H H
a=__ A = TTE, ;o3 w3
l+e 1l -e
M=u- e - 20 1inl, (ko)

gin w = gin fcoiec i.
Numerically, this is shown as follows:
- La0 a " 0
Uy g = 4ol + 22% 0.317 = 56%6.

Since the coordinates of the subsatellite point are not yet
known, we take In the first approximation

¢ = ¢Pret.
as if the observation hed been made in the zZenith. Then

sin v = sin{~2597) cosec 65° = -0.434-1.103 = -0.479
= -2896.

Basically, M also had to be computed by the method of successive
approximations from equation {40). Hovever, considering the approximate
character of the entire computation, in this part, to find sin 2M, it
is possible to take the value M resulting from the first two member
of the formula alone, and correcting for the probable influence of the
third eXpression. Thue 1t will bes

i

M= -2896 - 5696 + 0.224°0.956°3438% = - 7390,
r = 7403 {1 - 0.112°0.293 - 0.0063 (- 0.828% - 1)] = 7242 Ym,
H= 7242 - 6371 = 871 km,
1= 871°2.0216 = 1761 ku,
ﬁ<§>s = -1761°0.9178°0.57.96 = - 1495

, .. 0.5".96
g = 1761°0.3970 -O-;gg%?g = & 7?Q,
whence —
(?S i 390 R

Ve get ths second asprrexivetion by solving the same problem for
a sphere and instead of usirg loagitude 1, msan angle Q which is com-

puted with the aid of the fc¢llowing formula is vsed:

i

4 f: {1 + ctg<n) £ 1
tgG = V R (41)

tg h + ctg}a

At the same Time, using the same methol as previously, height H
must be computed again:
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s

sin u = - 0:62932°1.103% = - 0.69439,
u= - 439597,
M= - 87%g,
r = Theh kg,

H = Theh ~ 6371 = 1073 k.

Substitut. zese tilues in formuwla (L1), we obtain

; 1 o+ b nBgE7Yen. 20 -
el = V14 (1 ¢ h.08687)00.34812 - 1 _ 0.26110,

26 2500

il

g = 14038:,
§, and /%‘s are finally computed with th: formulas
. o = F r A ot M -
sin Yg = cos{ sin¢Pret. + s:m@cossapret‘ cos 4

- 3 P d s &
sin ‘ﬁ;(lﬁs sin A, sing§

Co3 %S

After substituting numbers, we have
sin P = ~0.96756°0.43411 - 0.25263°0.90085°0.91781 = - 0.62813,

i 8
. . le]
g = 387555,

. ;o _ 0-.397D1°0.23263 - 4+ (.12891
sin df, = 0.7780% o
sin.ﬁﬁs = ¢+ 7024

Ag = 3593T°E.

In certain cases, when the satellite cbservation is made near
periges, & still more simplified method of computing the subsatellite
point is applied. Considering the relatively sma2ll height (about 200 km),
ard the consecuent small distances 1, solution ~an be limited for the
plane. A reduction of cbservation ny. 12 is given for an example:

Bryn Athyn VI. 17%08%16%20%;8= 19%10¢8 = + 48
PBA = + 40%8%,  ABA = 28454,
After computing the equatorial coordinates on the horizontal, we obtain

¢y = 341°11%, h = 58937¢,
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Procecding in the previous way, we compute

i = 19% + 3%0.317 = 50955 = 50933,

v 17

3

i

0-6hk6°1,1.03% = 0.7119,

k50237,

+ 459238 - 50033 + 0.284.0.070°3438% = - 40157,
7403 (1 - 0.112-0.9973) = 6577 km.

3
S

LR

¥

il

u
M
T

i

In the last substitution, owing to the smell value M, the third
texrm is discardsd.

o
i

6577 - 6371 = 206 lm,
206°0.6100 = 126 km,

-
i

1260094656 3438
é@@g = -—9KO 1 667313 =+ 1%h7,
637
LEE - - 126°0.32251°3438 _ _ 00291,
i 6371-0. 76455

Having the above, we immediately compute ﬁg and (E with
gufficisnt accuracy: N
¢ = ki®2r, A = 2840278,
In the method described above eveyxything has been reduced, the
observations placed in Tabie 2: the resulis given in table 4 are taken.

Lp. Station It © ﬁ(E)
1 Johe v. 238 -37%21¢ h3olle
2 Pret. V. 3 -33 57 Ly 53
3 Cap. V. 27 -20 59 18 03
k4 Sy V. 27 -34 13 157 18
) Pret. Ve 29 -36 55 35 37
S Prot. V. 29 -36 18 53 Ob
7 Sacs VI. 14 +36 3k 239 54
8 We Cre Vi. 14 +35 5k 239 35
9 Secr. VI. 1h +39 Ob 242 14
10 Wo Crx. VI, ik +45 54 251 Ok
11 Cak. VI. 14 38 12 238 32
12 Br. At. VI. 17 +41 12 284 27
13 Came VIi. 17 +h2 13 285 19
1k Camto Vi. 17 +45 41 288 58

2. Computation of che missing urbit elements on the bhasis of
the results of the first shage and by taking into account initial data
for separate momsnts of astronomical observations, i.e.: computations
for .. certain epoch of the moment of satellite passage through ascending
node T4y 3 computation, for the sams «_uch, of the geographic longitude

of ascending node /5; and further computation for a certain epoch



™

of the value of right ascension of the ascending node<3]. In
addition, in this stateﬁof ‘7ork the changes following are computed:
4 Ao/l revolution, & A /(1 revolution)2, and fag/1%.

To realize this problem, a passage from the satelllite position
at the momsnt of observatiol to its position (longitude) at the moment
of pagsage through the equasorial plane, and from the moment of obser-
vation Ty to the momesnt of vasssge through the ascending node %%Bi’
is nscessary.

Ve uss tho formwlas:

u
Ti - T}J; i T 3500 7, (42)
where P is the period, while sin u = sin§  cosec i

M P 4
Ao - Aoz =dA -4 A (43)
The first expression of the right side is computed by the
formula N
sin HA' = tg §otg i. (k)
The second expression results from the revolving motion of
the earth and is expressed bty the relationship:

M= (4)
S0
where o _ el
r @

T
The course of computations on the example of observation nr. 12:

i

sinfJA' = + 0.37543°0.46631 = + 0.Lk0822,

Ads =+ 21%4",
gsin u = + 0.55869°1.10338 = + 0.72579,
u o= 4 BELT,
U =4 0.12972,
360° L
P - 7 C108.52 - 0.001 (7% - 20%)7 = 26936.
Substituting in (15}, we hatis
Al =4 0.1297226939 = + 3025¢,
whence. )
ﬁoi = 284" 7t . 24004t 4+ 3025¢ = 3420Lg¢,

Applying the sbove de :icrived progression to a.l observations,
the resuldts listed in Table 5 are obtained.




TABIE 5

Wr. of Pass, ) A_.mean Nr. of Pass. ,A . /. smean
Ip ﬁoi on Lo, , oi 101
1 87957+ ) 87028 8 2220498’ 222992
2 86 k8 3 9 223 14
3 202 50 7} op1.i 10 226 09 *
A 200 09 3 0L-50 11 220 10 .
> 19 56 } 79. 9k 12 263 kg 7
6 9 32 5% -- 13 263 48 | 263-95
7 222 41 ) 14 264 15

The yesults contained in brackets refer to the same moments
Tep 4 (close observations in time during the same revolution), need not
differ from each othex. Discrepancies srise from observational errors.
Results bearing gross exxrors are discarded, while means are formed from
the remaining.

If passage from fﬁoi averaged to /%o for a certain selected epoch,
the fTormer would have to be brought to some common system of reference.
To do this, it would be necassary to compube the number of complete
revolutions made by the satsllite betwesen separate epochs T*° .

The vall,}es ‘13_;;5 4 ars comput3d according to formula (42) with accuracy
up to 1*; fuvrther computations are shown in Table §&.

TARLE 4
Ny. of Ti - T“% 3 = Time interval be-
Pazsage T4 1 T, . tween successive
* = ‘éﬁ%‘de 5t 1 moments Tg 4
1 V. o3& ghggm 1b53m ehogm'§ ohpsm
2 33 1 3k 203 1} 1118042 = ggghm
3 V. 27 18 05 0 59 17 0% 117 o7
i 18 ki 137 17 08 31bLgm = 19080
> Ve 29 228 133 055 055
6 2 30 -
7 VI. 1b 11 37 0 12 11 25 39ul30m = 23570
8 11 38 0 13 1125 1125
9 11 38 0 13 11 25
10 11 39 - ‘
11 13 30 -- 68036 = 14118m
12 VIi. 17 8 16 O 14 8 o2 Y
13 8 17 0 14 8 03 8 03
© 1k 8 18 0:5 8 03



time interval

e

The nuvmbsr of complete rovolutions n = in specific
intervals is 63, 18, 224, zad 39 respectively.
Havirg the value n, we can compute ‘the intervels expressed in

a gradvel measure belween sseparate values of ;%i' They are,
respectively:

1585998

431.464

T 59TT.02
1038.97.

Dividing them by successive n, we obtainz%%:

-26976
-26.75
-26.68
""0636)‘1’ *
As ve see, valuesg}}o show distinct changes in time which agrees
with theory. To bring R . and,@}o to a single epoch, smoothing is
rerfommed, involving the Iollowing equation of error:

Ao + n'ﬁﬁo + ne- 9@0 - Aoi = V.

- As epoch, the momsnﬁ of the first sputnik passage through the
ascending node on VI. 1% 0™ is chosen, and from it, the entire number
of revolutions n for separate moments Ty ; is computed. This choice
os epoch was founded by expansion in time of both the initial astronomi-
cal observatione as well as ths radio obgervations. The values A
(averaged) are compiled in Table 5, corrected for the entire nuubér
of complete angles so that ihe zsro of an obtained numerical axis could
be found near the selected epoch. A system of equations of exrors is
obtainsd and then a system cf normal equations, which are solved by
the method of krakovian roots (Table 7).



vt
Pt
O
<

by
o)
G
7

R =y

o'

+2

3
(o
=t
&5

Eay

o1 .
a D C 1 8
1 +222 + 4928k +5 856.05 +55 363.05
1 +183 +33489 +4 817.08 +38 490.08
1 - 41 + 1661 -1 159.94 + h8l.06
1 - 59 + 3WEL -1 gh1.ho + 1 781.60
1 -122 4 1884 -3 327.38 +11 435.62
a b c 1 s
5 183 102 819 4 h oshh by o+ 107 551.41
C+102 819 o+ 14 979 387 4+ 2 731 909.24 + 17 81k 298.24
+102 819 +3 786 902 355 4392 T40 kg3.86 +h4 194 725 024.86
;235 907 81,846 + k45 985.30 4 2 032.47 4 48 101.92
+310,032 + 3¢ 175.86 + 8 275.14  + Lk 761.02
+ 1¢ 08734 - 4.38 + 19 062.65
+ 4,276 -26.7180  +0.00023
o = 649276,
Ao = -26.7180,
2 Ao = +0.000 230.

The velue of changexﬁﬁ computed here contains two mswbers: one
ig controlled by the earth's revolution, the second by the change in
right ascension of the ascending node. The existence of the texm 9243
is caused by a shorlening of period P as a result of air resistance.
It must be added that the function according to which the geographic
longitude of the ascending node changes is not only very complicated,
but is actuaelly uwnkaown. Therefore, the eguation of error given hsre
is only a cexrtain approximation in which time sector works sufficiently
well.

The following work computes the same epoch of value Tg(o . We obtain
this by multiplying P by the pumber of revolutions n, and by adding or
subtracting from.@f% 3 (Table 8}).
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No.

of

5 § A md‘ d
Pass. Pi IlPi = AI' Ti, ﬁ'j—i E‘f’) i Tyé
1 1057790 +215%05738 +8%952 75  v.23%085 41 vi. 1%048 14
2 772 +10% 00.55 +4.333 70 V.27.713 33 1.047 03
b 756 + 72 16.00 +3.011 12 7.29.038 33 1.049 L5
3 661 ~322 15.95 -13.h27 77 VI.14.h75 83 1.048 06
5 645 -390 53.19 -16.286 91 VI.17.335 4l 1.048 50

ST 1@0&8 2k

After computation, we have
T, = VI'1%01M0g728%,

It must be noted that in computing Ty 4 (see Table §), accuracy is
limited to minutes, while observational data yields seconds. However,
the actual ~ considerably less - accuracy of observations and the
relatively approximate formunlas yield greater discrepancies than
those resuliing from rounding off. The accuracy demanded in the
problem is nonethelsss preserved.

The next and last step to obtain all the reguired orbit elsments
was the computation of the valus of the right ascension of the
ascending node and its daily changss. Our approach here is similar
o that in previous computations of 1, and I+, o This means we com-
pute ¢,5 of successively individual initial observations, and then,
having then expanded in time, we bring them to a single epoch and con-
pute the change. To realize the above, we use the relationships.
adduced in part one:

.
-A = O -
Mg 5% ] &t
and
g = G
8 =

The last equality is important for the point at which the satellite
is located at a given moment, bubt for each point on the celestial
sphere and its median projection onto the tervestrial sphere. In
view of this, the right ascsnsion of the ascending node at moment T
will be egual to the sidereal time of place, above which, on the sphere
at moment T, the orbital plane intersects the equatorial plane. This
would be egqual to

v # — “f:? &'
O = U

= ,L - A?\_‘ =!f?gé
# . . . . ,

. easily, w=vingy the given moment of observation in
The sum o the two following terms 1s the geographic
wie 2t the moment of observation and was
waase of calculations.

We finda &
wniversal Tims.
longitude of the ascending
alysady computed in an earl lex



Here are the results of compubations made according to the
formulas ebove for cbseyvation nr. 12:

TU = 8%16%9°,
\,C = 155877 = 29%2° 107,

Ahs = 24%gs,
A%y = 2899337,

Computations of the remmining observations gave the results
ccmpiled in Table 9.

TABLE 9

No. of No. of &
Pass. %534 Pass. 461

1 358055t ) 8 296°31* |
2 357 36 9 29 50
3 34y 19 Z 10 299 20

k 351 kb 11 321 50

5 339 L5 'Q 12 289 33 g
6 357 B0 ) 13 289 35

7 295 18 ) 1k 289 59 3

The resulis contained in brackets refer to near epochs and should
differ slightly fyrom each other. Some of them (6, 10, and 11) depart
significantly from Tthe remaining, indicating the presence of gross
errors in observation, and these were eliminated in further computations.
The reraining onss in individuval groups are averaged, and epochs assigned
to them are e "Ll to the wmean of the moments of observations. In this
way we obtain lTaonle 10.

TABIE 10

No. of. P

Pass. Ti Sk

1 v.23%150k 35892584
2 V.27. 7671 342.8083
3 V.29.1025 339.7500
b VI.1h.h8ig 296.5500
5 VI.17.3454 289.7167

-
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Similarly, as in conouting valus %o’ smoothing by the method
least squarss is applied. Tus following form of the equation of
rror is obtained: ,

ot bt ey -ogny = v
After resolving the system of normal equations, the following
reqvuired unlmowns are obtalwd:

+h

G

@

agy o = 3322855 Aagp = -2963/1%
for the epoch 1958 vI 1¢.0.
It is kanown, howevor <ty o the valuelﬁaﬁ% can be compubed

indepsndently of observatic:, rciying on the known value of the oblate-
ness of the earth, according to Formula (32").
The value obtained in this way

dogy = -2951/18,
Analyzing this discrepancy in results, it must be realized that

e mathematical formulas uszed heve in computations do not either in
the first or in the second case describe accurately the physical condi-
tions under which the investigated phenomena occur. On the one hand,
the change in right ascension of ths ascending node does not run
lineaxrly, but according to & very complicated function, while, on the
other hand, the formula given above considers only one agent from
among the many nemed in the first part that influence satellite motion.
LTber thorough analysis, 1t was decided to take for further computations
ths rounded valus egual to:

,ﬁ{o;g% == "'2960
3. Already knowing all the required space-tims orbit elements,

it is possgible to procszed to the second part of the problem, i.e., to
computation of the geographic coordinates of the spubtnik at the moments
given in Table 1. The first phase of this computation, and third
gtate of the whole, will be ths extrapolation of the value of the

rbit elemsnts for required moments. This calculation is cited in
Table 11, whoze successive colwms we will consider:

Col. 1 and 2 give the date and place of cobservation;

Col. 3 and L gontain compubtation of uﬁ, according to formulas

o = ko6 ~ 09317 (by - t )% t, = VI. 2085;
as indicator i, we shall now designate the processing of a given value
of the i-th xedio observation;
Cols 5 comtains computation of period Pi according to formula:
: m
Pi= 105052 - 0.011 {t; - t)%;
Col. 6 contains computation of msan notion N
360°

P

N =

wae
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Col. 7 - 18 contain solution by the method of successive approxinma-
tion of the eguation

~ H.X = & + 2¢"sin Nx + g e° sin 2ux, (48)
vhexe

i’z = N{T}f‘u - Tp};
successive series approximitions are in a verticle direction ; as first
approximation Hx = is adduced. For observations 53 and 54 made on
the same dey a single common compubation is made;
Col. 14 conmtains computatisn of the nodal period P55

Py, = P4+ ).0065;
Col. 15 and 14 contain the result of multiplication P2 x the nunmber of
complete revolutions {compited in col. 23); 5
Col. 17 contains the value T. . obtained by subtracting (16) from
T = VI, 18oifogs;  Ot”
Coi. 18 gives, for the purpose of simplifying further computations,
T; expressed in days;
Col. 19, 20. and 21 comtal: coputation of the right ascension of the
ascending node for the mon:nt of observation; ’
Cnl. 22-27 conbtain computasions of A?oi for revolutions corrssponding
to moments of observation;
Col. 28 gives the sidercal tim of satellite passage through the
ascending node: . )

éﬁ%i = ooa 7 o
However, sincedy ; was computed for the moment of observation,

it is necessary to correct for the difference Ty - Tj 43
Col. 29 contains the difference Ty - %- . expressed in days;
Col. 20 in the second section containd corresponding corrections of the
right ascension;
Col. 30 comtains Iy ; compated for s second time by calculation with
sidereal time (taking into account the noted corrections);
Col. 31 comtains averages from (17) and (30);
Col. 32 gives the time of passage through psrigee Ty = (31) -~ (13}.

TARLE 11
Nr. of (T; - 7o) o 360
obs. Date T Iy = VI.2085 5 P N=3 .
- 5 6
53 V.220 g ~29%2 58986 105484 3.401k
38
39 ,
5k V.22 10 21 -2G.1 58.82 105.84 3.401h
25
27
8l V.2h 15 30 ~26.9 58.13 105.82  3.k020
- 32
36 ‘ ,
99 V.25 16 15 ~25.9 57.81 105.81 3.4023
15 '
20
126 V.27 1k 812; ~23.9 57.18 205.78 3.1;933'
10



TABLE 11 d.c.

Br. of Nx 28% ~b 8in Nk -¢ sin 2Nx Nx 2Nx T -TP
be. sin Fx sin 2k b+ 12.83425 ¢ = 0.898398 ° It
7 & 9 10 11 12 13
53 -58°L8® ~117936"
7 -0.85%36°  -0.88620 +10. 57§ +0.796  =b7002* -ghoQk:
-0.73175 ~0.997h8 + 9.391 +0.896 -48 31 -97 02
54 ~-0.THOL5 ~0. 99248 + Feflh +0.892 -48 17 -96 34
~0.ThEkL  -0.993kk + 9580 +0.893 48 20 -96 Lo -14v21
-0.Th703 -0.9932k + 9.587 +0.892 -48 19
8k -58012% ~115%2h
-0.84989 -0.89571 +10.508 +0.805 -g 29 -92 58
-0.72517 -0+ 99866 + F.307 +0.897 -48 00 -96 00
-0.Th31h ~0.99452 + 3.530 +0.893 -47 kb3 -14.0h
99 ~57948¢ -115936"
-0.846519 -0.90183 +3.0.86(: +0.810 -hg 08 -92 15
-0 72095 ~0.99922 + 2.25% +0.898 47 39 -95 18
-0.7390% -0.99572 + 9.485 +0.895 -b7 27 -13.95
126 -579123 -11h924
-0.84057 -0.91068 +1.0.788 +0.818 -45 35 -91 10
-0, T1h27 -0.99979 + 9,167 +0.898 -47 08 -%4 156
-0, 73204 -0.99723 + 9.407 +0.895 -4g 54 -93 L8
-0.73016 -0.59780 + 9.371 +0.896 -bg 56 -13.80
TABIE 11 d.c.
Nr. of
obs. P (n-P )2 (n-p )4 T
1k 5 16 hirg
55 10527932 1396k 7024 -s815M 4570 ghongg
Sl 105.7932 13858.9092 -9 1k 58.901 10 10.59
8k 105.7622 10684, 0022 -7 10 Ok.22 15 05.28-
99 105.7768 9202. 7768 -6 09 22.58 15 hg.92
125 105.7658 6h51.7138 -4 11 31.71 13 37.79
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TABIE 11 d.c.

‘ld—

- 31 -

o d .G .
Nr. of i T, - T o abh T, - T No. of com-
obSe * * VI X Ib T, i VI-%}OL',BB plete revo-
lutioms n
18 19 20 21 22 23
53 V»22§3583 ~Ge LT 3579916 2385187 -9.6899 -132
3597 * 36+ 2.3
3604
=4 V.22.54312 -5.5688 357.729 23 50.9 -9.5170 -131
43kho - 36 4+ 2.2
4354 ,
55 V.2h. 6458 -7.3542 351,971 23 27.9  -T.ho2h -101
iy + ho + 2.9
6500 ' ,
99 V.25.6771 -6.3229 349.290 23 17.2 -6.3711 - 87
6778 + 50 + 3.0
6506
124 V.27.58h7 ~h.54153 344.330 22 57.3  -h.L4g35 - 61
5861 ; %+ 2.2
5903
M. of n A2, n? 53, A2, A 0%y Ao
obs.
_ 2L 28 26 27 28
%53 +35262776 +42008 3552060 235073 +0M2
54 ~<5oo 058 +3.947 328.281 21 53.1 +1 57.8
&L +2698. r18 +2. 34 2hs.140 16 20.6 +7T 07-3
$9 #2532k . b4 +1.71 230.483 15 22.0 +7 55.2
126 +l629=798 +0.£36 25%.930 16 59.7 +5 57.6
TABLE 11 d.c.
Ng, of da Tt (30 \9& (17 Tp
On8. <
29 30 31 32
53 -0.0146 85,8 8hocis gh3) %5
54 -0.0139 10 02.0 10 06-3 10 20.5
gl -0.0188 15 03.4 15 ok.3 15 18.3
99 -0.0164 15 47.3 15 47.1 16 0.1
126 ~0.0139 13 hi.h4 13 39.6% 15 53.4



4, Hoving orbit thus rrepared we ere able to proceed to the
computation of the final coordinates of the subsatsllite points. We

(U itey

shall again use formuwlas (21), (22), (43), and (L45), for the computa-
tion of &, and 2 . Valve u appeering in them we obtain from trans-

formed forimula {(18):

nu=w+ M+ 2 sin M.+-§ e® sin oM,

vhere -
50

M= (T, -7,) 222
i L P

Table 12 contains computations made with the above formulas.
Bere is thes content of the separate columns, in numerical order:
Col. 1 and 2 - date and moment of observation Tj;
Col. 3 - (Tl - T-p)‘,
Col. b - M according to formula (48);
Col. 5 - 10 ~ computation of u according to formula (&7);
Col. 11 - 13 - computation ¢ , formula (21); :
Col. 14 - 1§ - computation £#3* agreeing with formula (22);
Col. 17 - 19 - compubation of wéf” according to formula:

B

(13)

dﬁ"=~m§~w-« Ad, 3
Col. 20 - AOI from table 1 co . 28;
Col. 21 - 2o = (20) + (Lbs + 119).
TLR: G 12
Nr. of Date T, T.oo- 0 M 2M gin M
ob8&. ) ol
1 2 3 b 5 6
53 V.22t ghagm 5 1.5 59102 10°12¢2  +0.0889
38 3.5 11.905 23 38.6 +0.2062
39 L5 15.306 30 36.8 0.2639
54 " 10 21 + 0.5 1.701 3 24.2 +0.0297
25 L.5 15.306 30 36.8 2639
27 6.5 22,109 kh 13.0 0.3762
. 8k V. 2h 15 30 +11.7 39.803 79 36.4 +0. 6401
32 13.7 k¢ . 607 93 12.8 0.7266
36 17.7 60.215 120 25.8 0.8679
99 Vo 25 16 15 +13.9 47.292 9Lk 35.0 +0.7349
16 14,9 50.694 101 23.2 0.7738
20 8.9  64.303 128 3.4 0.9011
126 V. 27 14 o2 + 8.5 29,268 58 32.2 +0.4889
ok 10.5 36.075 72 09.0 0.5887
10 16.6 56.495 112 59.h 0.92086




- TABIE 12 d.c.

‘ 5
Kr. of sin 2y 2e sin M | GESinQEM w sin u sind’ 2
o0S. e e ea s n v v e e v
7 8 9 10 11 12 13
53 +0.1771 + 1.1k1 +0.159 + 659242 +0.90826  40.82317 +55P24¢
0.4038 2.645 0.353 73.77h 0.96013  0.87018 60 29
0.5093 3.387 0,438 78,011 0.97821 0.88656 62 27
5k +0.0593 + 0.381 40.053 + 60.955  40.87420  +0.79230 452 24
0.5093 3.387 0.458 17.971 0.97603 0.88640 62 26
0.697h L.828 0.627 86.384 0.99801 0.90451 6t 45
55 +0.9836 + 8.215  +0.834 +107.032 +0.95613  +0.86655 +60 Ok
0.998L% 9.325 0.897 114.595 0+90655 0.82142 55 15
0.8622 11.139 0-775 130.259 0.7630%  0.69155 U3 45
99 +0.9958 + 9.432 +0.896 +115.432 +0.90309 +0.81848  45h 56
0.9803 9 .931 0.881 119.314 0.87193 07902k 52 12
0.7815 11.565 0.702 134.380 0.71448 0.64772 Lo 22
126 +0.8529 + 6.275 +0.766 + 93.489 +0.99815  +0.90463  +64 hg
0.9519 7.556 0.855 101.566 0.97934 0.88759 62 34
0.9206 10.702 0.8a7 125.204 0.8171k 0.74058 Y7 W7
gin i = 0.90831
TABIE 12 d.c.
Ko.of g u tg B0 AA o, . T E’% Ty A A As
1k 15 16 17 18 19 20 21
53+ 2.17083  +0.917hh  k2%32t 15y 0.1483 -30581 35590k 33938
+ 3.4346 1.45153 855 2( 1.7 0.1572 L 28 Lg 02
Y,711k 1.99113 63 2 1T 0.1767 4 k3 53 41
sh o4 1.8003%  +0.76085 37 & 1.7 0.1389 -3 43 328 17 150
+ 4,5912 +1.98259 §3 1k 15.7 0.1757 L L3 26 48
F15.321 +6.6863 81 3¢  20.7 0.1955 5 1k Lk 33
St - 3.2641 -1.37947 125 5¢  25.7 0.2428 -6 30 2k5 08 ho3h
- 2.28777  -0.90769 137 W& 27.7 0.2617 T 00 15 54
- 1.18055 -0.49892 153 2¢ 3.7 0-2995 8oL 30 36
99 - 2.1028k  -0.88870 138 22 27.9 0.2637 -7 03 23029 148
- 1.78077 -0.75259 143 02  28.9 0.2731 7 18 6 13
- 1.02176 -0.h3182 155 39 - 32.9 0.3109 8 19 18 k9
126 -16.428 -5.9428 98 12 22.h 0.2117 -5 40 254 54 347 28
- Lh.8430 -2.04675 116 02  2h.k 0.2306 6 10 4 48
- 1.41759  -0.59910 149 ob  30.4 0.28T4 7 b1 36 19

cos i = 0.Lk2242



Still remaining to e couputed:

satellite distance from the

ylace of observetion - 1, end its height above the earth's suxface - H.
The Tirst of thess values we compute with the formula:
cos 1 =%in e;yz singr/s + cosgpz cos(P g Cos J/%
TABLE 13
Ny, of gin Ty cos" s:’m(rr o E’inif"z COBG o CO8 gy ,g‘,li cog ,,/1/7 cos 1
Dbs.
1 2 3 n 5 6 7
53 0.823 14 0.567 8%  0.652 66 0.346 02 12935%  0.975 92 0.990 35
0.870 21 0.492 68 0.689 98 0.300 22 25 00 0.906 31 0.962 07
0.885 61 0.hg2 52 0.702 98 0.281 8k 32 39 0.841 98 0.940 28
5k 0.792 29 0.610 15 0.823 20 0.371 80 119 12 0.94% 38 0.979 32
0.886 b7 0.462 78  0.702 87 0.282 00 546  0.99% Ok 0.983 Lk
0.90% 4§ 0.425 57  0.717 1k 0. 259 93 23 31 0.916 9% 0.955 L8
8y 0.866 61 0.498 99  0.487 13 0.304% 06 16 28  0.958 98 0.978 72
0.821 65 0.570 00  0.651 48 0.347 3k 508 0.995 99 0.997 43
0.691 51 0.722 36 0.543 29 0.440 18 9 34  0.985 09 0.982 35
99 0.818 48 0.57% 53  0.648 95 0.350 10 19 14 0.9k 18 0.979 52
0.790 16 0.612 91  0.525 51 9.373 48 ik 49 0.966 75 0.987 57
0.647 68 0.761 92  0.513 5h 0.hgh 28 213 0.999 25 0.977 47
125 0.90% 58 0.2 31 0.717 23 0.259 78 32 34 0.842 77 0.936 16
0.887 55 0.460 72  0.703 73 0.280 T4 16 1% 0.960 13 0.973 28
0.740 61 0.671 9%  0.587 22 0.409 45 15 17 0.964 63 0.982 19
sinf), = 0-792 89 cosyg, = 0-609 36
T/BLE 13 d.c
Fr. of 1° 1 km cos M cos £ -0.006 272°  -0.112 cosM T H
obs. {cos 24 - 1)
8 9 10 11 12 13 14 15
53 7958¢ 887  40.995 0 +0.98% 2 +0.000 10 -0.111 55 6578 207
15 By 1762 0.978 5 +0.914 8 +0.000 53 -0.109 59 6596 225
19 5% 2215 0.964 6 +0.860 6 +0.000 87 -0.108 Oh 6610 239
5h 11 4o 1299  40.999 & +0.998 2 +0.000 0L  -0.11ll 95 6574 203
10 26 1151 0.964 6 +0.860 & +0.000 87  -0.108 Ok 6610 239
_ 17 10 19i1 0.925 5 +0.716 7 +0.00L 78 -0.10% 77 6648 277
8k 11 50 1317 +0.768 3 +0.180 5 +0.005 1h  -0.085 05 6804 433
4 o7 %58 0.687 1 -0.056 1 +0.006 62 -0.076 956 6882 511
10 b7 1200 0.496 7 =-0.506 5 +0.009 45  -0.055 63 7061 690
99 1137 1293 +40.678 2 -0.079 9 +0.006 77 -0.075 96 5891 5 20
9 03 1007 0.633 4 -0.19% 0 ~0.007 49  -0.070 9k 6933 562
12 11 13%5 0.433 7 ~0.523 9 +0.010 19 -0.048 57 7119 748
125 20 35 2291 +40.872 L +0.522 0 «+0.003 00 -0.097 71 6702 331
13 16 LTT 0.808 3 +0.3056 5 +0.00% 35 -0.090 53 6765 394
10 50 1206 0.551 9 -C.390 5 +0.008 72  -0.061 81 7010 639

~1
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while the second is obtal od:
H=1 - R=Ts03 {1 - 0.2%2 cos ¥ ~ 0.006272(cos 24 - 1)] - 6371.
These calculations are given in Table 13.

T. final Considsrations

Undexr the conditions described, with only a partial knowledge of
the crbit elements, the way of zolving the problem presented seems the
most reasonable. Attampis at computation of the missing orbit elemsnts
were also made with another msthod, on the basis of selected observa-
tions (Polish, Soviet, Czechoalovak, German) made on the local meridian
or first vertical. Considering, howsver, the necessity of extrapola-
tion and the insufficiently accurate execution of the above condition,
suitable resulis were taken only in approximation. For several months
from the time the problem was completed, we had no accurate data relative
to Sputnik ITY orbit elements that would facilitate a check and compari-
son of the values obtainsd. Only lmmediately before giving this work
to the publisher {4id we receive a publication from the German Federal
Republic, in which veluss wazre listed which had been computed on the
bagis of sufficiently rich init-dl data and which indicated agree-
ment with those found by us. ({(i7)

Thus, the valug fov ;h@ E‘Jr7@ in the daily right ascension of
the ascending nods /V% -2:55 given in (17) is included in the realm
of values computed in framsvork of our treatment, with the theoreti-
cal Tormula - -2951 and emp rlcaliy -2363 And then the moment found
by us for the first sateliite passage through the ascending node on
1 June 1958, Which.wn chose &8 an initial evoch, is identical with
(17) Ty, = VI. 1%1Pogmo8s = v1.1.80.48 24, In a similer way, comparison
of the change of the daily geographic longitude of the ascending
noae, caused by the wmotion of the earth’s rotation yielded: {(17) "’21%55
= —209,0, OUT8 oes ﬁ(}v— -26.T2. wor 4id the other elements indicate
any discrepancies impairing the accuracy of the determinations.

On the basis of the fragments of our treatmsnt above and the
tables of resulis, one can see the accuracy we were able to achieve.

Tt is satisfactory as far as the practical goal, dictated by the condi-
tions nemed in paragrephs 6 and 7, is concerned; but The obtained data,
compubed with approximation formulas, relying on an insufficient know-
ledge of the orbit elements and a small number of astronomical observa-
tions, can only be considered approximate results. For example, to
compute accurabtely the orbit elsments of the first Soviet spubtnik,
Moscow Institute of Theorstical Astronomy used 60,000 radic observa-
tions and 400 visual observetions; for the second sputnik 13,000 radio
and 2,000 visual observations were wused; and, finally, in the case of
the third Soviet satellite, merely in wregard to the epoch, in the six
weeks following itz launching 53,000 radio and 1,250 optbical observations
were procesged. All computations were made on high-speed electronic

compubers. .

1
3

U1
i




Faving the above comprrison in mind, we wish to emphasiZe the
expsrimental nature of our tresatment.

Finelly, we wish Lo crrry out a pleasant obligation by thanking
Docent Doctor W. Opuiski for velr:ible comuents during the execubtion of
the work and for checking the manuscript.
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